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Monolayer transition metal dichalcogenides have recently become a playground for spin- and valleytronics
research. Their low energy spectrum can be described by Dirac cones on the corners of Brillouin zone, but the
physical properties are richer than those of graphene since the spin degeneracy is lifted and the optical selection
rules are valley dependent. This has been exploited for the optical injection of spin and valley polarized currents
by the application of static electric fields. In this paper we consider an all-optical method for the injection of
charge, spin and valley polarized currents. The presence of both a fundamental optical field and its second
harmonic can lead to the injection of currents due to a nonlinear effect involving the quantum interference
between one- and two-photon absorption processes. We analyze how the injected quantities can be controlled
through the parameters of the incident light fields, allowing capabilities of control beyond those achieved with
static fields, and discuss the conditions for experimental verification of our results.
I. INTRODUCTION
The optoelectronic properties of two dimensional materi-
als are often qualitatively different from those of their three
dimensional counterparts. Novel fields of research that arise
from these differences, such as valleytronics1, hold promise
for the development of new technologies. In addition, these
materials can be conspicuously integrated into heterostruc-
tures, as coatings for example, paving the way for their appli-
cation in integrated optical devices. An outstanding class of
two dimensional materials are the monolayer transition metal
dichalcogenides (TMD), which have recently been shown to
display several interesting electronic and optical properties2,3.
Their atomic structure consists of an hexagonal lattice, and
the low energy spectrum is described by gapped Dirac cones
on the corners of the Brillouin zone. Due to strong spin-orbit
coupling and broken inversion symmetry, the spin degener-
acy is lifted in opposite ways in the two valleys, and the op-
tical selection rules are valley dependent4,5. Therefore, opti-
cally excited carriers are valley polarized and, for low enough
photon energies, also spin polarized both according to the he-
licity of incident light6–8. The injected carriers can be then
driven by an electric field, providing a valley and spin polar-
ized current9–11. Such currents have been the subject of inten-
sive research, with respect to both fundamental questions and
technological applications2.
Even though some nonlinear optical properties of mono-
layer TMDs have been studied12,13, the proposals for current
injection have so far focused on the application of static fields.
However, the need of a static applied electric field does not al-
low for fast switching, and offers only limited control of the
currents. It would be desirable to have an all-optical method
for the injection of currents, since it would allow for faster
switching and more refined control over the quantities of in-
terest by using, for example, the polarizations and phase pa-
rameters of the incident fields.
Effective all-optical injection of currents can be achieved
by coherent control. It makes use of both a fundamental op-
tical field and its second harmonic, which allows for optical
injection of currents by a nonlinear process involving quan-
tum interference between one- and two-photon absorption14.
It has been applied in several experimental scenarios involv-
ing bulk and nanostructure semiconductors14–19,28, it has been
predicted and seen in graphene20–22, and experiments to lead
to its observation in topological insulators have recently been
proposed23. Here we study how it can be used for the injec-
tion of polarized currents in monolayer TMDs. We compute
the optical injection rates of several quantities for monolayer
films of TMDs. The quantities considered are carrier, spin
and valley polarization densities, as well as charge, spin and
valley currents. We show how the polarization and a relative
phase parameter of the incident fields can be used to control
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2the optical generation of quasiparticles and their currents on
time scales set by the duration of laser pulses.
This article is organized in the following form: in Sec. II
we present the model for monolayer TMDs used for our cal-
culations. Sec. III contains an outline of the computation for
the optical injection rate coefficients corresponding to carrier,
spin and valley densities, as well as charge, spin and valley
currents. In Sec. IV we show the results obtained for different
polarizations and relative orientations of the incident fields.
The explicit expression for the injection rate coefficients are
shown in the Appendix A. We conclude with a discussion
about the experimental verification of our results in Sec. V.
Since the experimental techniques required to confirm our re-
sults are well established, we expect that such experiments
will help advance the understanding and applications of opti-
cally injected currents in monolayer TMDs.
II. MODEL FOR MONOLAYERS OF TRANSITION
METAL DICHALCOGENIDES
The computation of injection rates is performed using
Fermi’s Golden Rule in a method described earlier23, where
general expressions were provided for a two-band Hamilto-
nian.
The simplest model for TMDs has a 4-band Hamiltonian
with 2-valleys that for each lattice momentum k can be repre-
sented by the matrix4,5
~−1Hτs,k = t
(
τkxσx + kyσy
)
+
∆
2
σz +
λτs
2
(σ0 − σz) , (1)
where ∆ and λ are parameters with dimensions of frequency,
t is another parameter with dimension of velocity, τ = ±1 is
the valley index, indicating either the K (+1) or K′ (−1) point;
and s = ±1 is the spin-zˆ index, indicating either (↑) or (↓) spin.
The Hamiltonian (1) splits into four 2 × 2 orthogonal sectors
and can be described in the generic form of a two-band system
Hamiltonian
Hk = ~$kσ0 + ~dk · σ (2)
with
$k =
λτs
2 ,
dk = tτkxxˆ + tkyyˆ + ∆τszˆ,
(3)
where ∆τs = (∆ − λτs) /2. In agreement with earlier
notation23, the eigenenergies are Ek± = ~ ($k ± dk) where
dk = |dk|, with (+) = c and (−) = v representing the conduc-
tion and valence bands respectively; also, for convenience, we
denote ωcv,k ≡ ~−1 (Ek,c − Ek,v) = 2dk. The Hamiltonian is
diagonalized by the unitary matrix Uk = exp
(
−i φk2 nˆk · σ
)
,
with nˆk = zˆ × dˆk/
∣∣∣zˆ × dˆk∣∣∣ and cos φk = zˆ · dˆk. The triad
Ξ =
{
nˆk, dˆk, nˆk × dˆk
}
forms an orthonormal basis, so an ar-
bitrary operator wˆ · σ can be easily written in the basis of
eigenvectors U†
k
(wˆ · σ)Uk by decomposing wˆ in the triad Ξ.
For the system under consideration, nˆk = 1k
(
−kyxˆ + τkxyˆ
)
and dk =
√
t2k2 + ∆2τs so
∂kbdk = t
2kb
dk
,
∂kb dˆk =
t(τbxxˆ+byyˆ)
dk
− t2kbdkd3
k
.
(4)
The velocity operator va
k
= 1
~
∂kaHk plays a fundamental role
in the determination of optical properties; written in the basis
of eigenstates, it is given by
va
k
= ∂ka$kσ0 + ∂kadkσz + dk
(
nˆk · ∂ka dˆk
)
nˆk · σ
+dk
[(
nˆk × dˆk
)
· ∂ka dˆk
]
(nˆk × zˆ) · σ,
(5)
so
vacc − vavv = 2∂kadk =
2t2ka
dk
, (6)
and since
∂ka dˆk · ∂kb dˆk = t2aˆ·bˆd2
k
− 2t4kakbd4
k
+ t
4kakb
d4
k
= t
2aˆ·bˆ
d2
k
− t4kakbd4
k
,
dˆk ·
(
∂ka dˆk × ∂kb dˆk
)
=
t2τdk·(aˆ×bˆ)
d3
k
=
t2τ∆τszˆ·(aˆ×bˆ)
d3
k
,
(7)
then
vacvv
b
vc = d
2
k
[
∂ka dˆk · ∂kb dˆk + idˆk ·
(
∂ka dˆk × ∂kb dˆk
)]
= t2
[
aˆ · bˆ − t2kakbd2
k
+ i τ∆τszˆ·(aˆ×bˆ)dk
]
,
(8)
the last term in the above equation is due to the Berry curva-
ture.
III. OPTICAL INJECTION RATES
The calculation for the injection rates is carried out using
Fermi’s Golden Rule, since it makes evident all the contribu-
tions stemming from one- and two-photon processes and their
interference; this is a feature not shared by the Kubo formal-
ism, for instance. The general formulation has been already
well explained in previous studies14,23, so we only show the
information that is specific for monolayer TMDs.
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FIG. 1. (Color online) Bands at the two valleys with the absorption
processes indicated. Different colors of the bands distinguish be-
tween spin (↑) and (↓). Note that bands with the same energy have
opposite spins on the two different valleys.
The incident light fields correspond to the vector potential
A (t) =
∑
nA (ωn) e−iωnt, with ωn = ±ω,±2ω; the associated
electric field is given by E (t) = −c−1∂tA (t). The injection
rate for the density 〈M〉 of a quantity associated with a single-
particle operator M = ∑k a†α,kMαβ,kaβ,k, here α and β are
band indices, can be decomposed into contributions from one
and two photons absorption processes with an additional in-
terference term
〈
M˙
〉
=
〈
M˙1
〉
+
〈
M˙2
〉
+
〈
M˙i
〉
with〈
M˙1
〉
=
∑
n=1,2
Λbc1 (nω) E
b (−nω) Ec (nω) ,〈
M˙2
〉
= Λbcde2 (ω) E
b (−ω) Ec (−ω) Ed (ω) Ee (ω) ,〈
M˙i
〉
= Λbcdi (ω) E
b (−ω) Ec (−ω) Ed (2ω) + cc.
(9)
The optical injection coefficients Λ associated withM are ob-
tained through integrals over the Brillouin zone; if k is repre-
sented in polar coordinates, the integral over the radial com-
ponent enforces the energy matching condition (ωcv = ω or
ωcv = 2ω), and only the angular integral remains23
Λbc1 (ω) =
∫
dθ
2pi
dk(Mcc,k−Mvv,k)Γbc1,cv(k,ω)
2t2
∣∣∣∣∣
dk= ω2
,
Λbcde2 (ω) =
∫
dθ
2pi
dk(Mcc,k−Mvv,k)Γbcde2,cv (k,ω)
2t2
∣∣∣∣∣
dk=ω
,
Λbcdi (ω) =
∫
dθ
2pi
dk(Mcc,k−Mvv,k)Γbcdi,cv (k,ω)
2t2
∣∣∣∣∣
dk=ω
,
(10)
where
Γbc1,cv (k, ω) =
e2vccvv
b
vc
~2ω2
,
Γbcde2,cv (k, ω) =
e4t4
~4ω6
[
kckevdcvv
b
vc+k
ckdvecvv
b
vc+k
bkevdcvv
c
vc+k
bkdvecvv
c
vc
d2
k
]
,
Γbcdi,cv (k, ω) =
ie3t2
2~3ω4
[
kcvdcvv
b
vc+k
bvdcvv
c
vc
dk
]
,
(11)
and the integrals are over the circle in the Brillouin zone set
by the energy matching condition ωcv = ω or ωcv = 2ω.
Operators
The quantities of interest are the densities of injected carri-
ers 〈n〉, spin 〈S z〉 and valley 〈τ〉 polarizations, as well as cur-
rents of charge 〈Jc〉, spin 〈JS 〉, and valley 〈Jτ〉, which are all
computed below. The corresponding optical injection coeffi-
cients are respectively ξN , ζN and ϑN for the densities, and ηN ,
µN and νN for the currents; the subindex N = 1, 2, i indicates
which absorption process is involved.
We keep track of the injected carriers by computing the den-
sity of electrons injected into the conduction band. For each
Dirac cone (labeled by the indices s and τ), the corresponding
number operator has matrix elements ncc = 1 and nvv = 0, for
all the 4 Dirac cones. The operators corresponding to polar-
izations of spin S z = ~2 sσz and valley T = τσz have matrix
elements S zcc =
~
2 s and S
z
vv = − ~2 s, and τcc = τ and τvv = −τ,
for each Dirac cone.
The operators corresponding to currents of charge Jc = ev,
spin JS = ~2 sv, and valley Jτ = τv, are expressed in terms of
the velocity operator v.
Summarizing, we have
ncc − nvv = 1,
S zcc − S zvv = ~s,
τcc − τvv = 2τ,
(12)
for densities, and
J ccc − J cvv = e (vcc − vvv)
J scc − J svv = ~2 s (vcc − vvv)
J τcc − J τvv = τ (vcc − vvv)
(13)
for currents.
Optical injection coefficients
The expressions for the various optical injection coeffi-
cients follow from the following
4ξ¯bc1,τs (ω) =
Θ(ω−2∆τs)e2
2~2ω
(
1 + 4∆
2
τs
ω2
)
bˆ·cˆ
4 ,
ξ¯bcde2,τs (ω) =
Θ(ω−∆τs)e4t2
~4ω5
(
1 − ∆2τs
ω2
) [
(bˆ·dˆ)cˆ·eˆ+(bˆ·eˆ)cˆ·dˆ
2 − 2
(
1 − ∆2τs
ω2
)
ϕbcde
]
,
η¯abcdi,τs (ω) =
iΘ(ω−∆τs)e4t2
2~3ω3
(
1 − ∆2τs
ω2
) [
(aˆ·cˆ)bˆ·dˆ+(aˆ·bˆ)cˆ·dˆ
2 − 2
(
1 − ∆2τs
ω2
)
ϕabcd
]
,
(14)
and
ξ˜bc1,τs (ω) =
Θ(ω−2∆τs)e2
2~2ω
[−∆τszˆ·(bˆ×cˆ)
ω
]
,
ξ˜bcde2,τs (ω) =
Θ(ω−∆τs)e4t2
~4ω5
(
1 − ∆2τs
ω2
)
∆τs
ω
[
cˆ·eˆ(dˆ×bˆ)·zˆ+bˆ·eˆ(dˆ×cˆ)·zˆ+cˆ·dˆ(eˆ×bˆ)·zˆ+dˆ·bˆ(eˆ×cˆ)·zˆ
4
]
,
η˜abcdi,τs (ω) =
iΘ(ω−∆τs)e4t2
2~3ω3
(
1 − ∆2τs
ω2
)
∆τs
ω
[
aˆ·cˆ(dˆ×bˆ)·zˆ+aˆ·bˆ(dˆ×cˆ)·zˆ
2
]
,
(15)
such that
ξbc1,τs (ω) = ξ¯
bc
1,τs (ω) + iτξ˜
bc
1,τs (ω) ,
ξbcde2,τs (ω) = ξ¯
bcde
2,τs (ω) + iτξ˜
bcde
2,τs (ω) ,
ηabcdi,τs (ω) = η¯
abcd
i,τs (ω) + iτη˜
abcd
i,τs (ω) ,
(16)
which are associated with carrier density and the charge cur-
rent. The others coefficients can be obtained from these by
ζτs (ω) = ~sξτs (ω) ,
ϑτs (ω) = 2τξτs (ω) ,
µτs (ω) = ~s2eητs (ω) ,
ντs (ω) = τeητs (ω) .
(17)
The results above are for one valley only, in order to find to-
tal injected quantities it is necessary to sum the contributions
from the four valleys, with the following results for the optical
injection tensors
ξ (ω) = 2
[
ξ¯++ (ω) + ξ¯+− (ω)
]
,
ζ (ω) = 2~i
[
ξ˜++ (ω) − ξ˜+− (ω)
]
,
ϑ (ω) = 4i
[
ξ˜++ (ω) + ξ˜+− (ω)
]
,
(18)
and
η (ω) = 2
[
η¯++ (ω) + η¯+− (ω)
]
,
µ (ω) = ~ie
[
η˜++ (ω) − η˜+− (ω)] ,
ν (ω) = 2ie
[
η˜++ (ω) + η˜+− (ω)
]
.
(19)
We next analyze these results for different polarizations.
IV. RESULTS
For the system we are considering, one- and two-photon
absorption processes inject scalar quantities while interfer-
ence processes inject vectorial ones, so carriers, spin and val-
ley densities are injected by one- and two-photon absorption
processes, but not from the interference between them. Con-
versely, charge, spin and valley currents are injected solely
from the interference processes, not from the one- and two-
photon absorption processes.
The values of the parameters t, ∆ and λ used for the plots or
specific estimates are given in Table I; they correspond to the
parameters of MoS24.
~t ~λ ~∆ Eω E2ω
3.5Å · eV 0.15eV 1.7eV 4.1 · 105 Vm 100 Vm
TABLE I. Values of the parameters used for the plots.
We consider field amplitudes of Eω = 4.1 · 105 Vm for the
fundamental and E2ω = 100 Vm for the second harmonic, which
are indicative of the largest field intensities allowed within the
perturbative regime. These values depend on the expressions
for the injected carrier density, so we explain how they are
obtained in Sec. V.
A. Linear polarizations
The one- and two-photon processes do not depend on the
relative orientation of the fundamental E (ω) = Eωeiθ1 eˆω and
second harmonic E (2ω) = E2ωeiθ2 eˆ2ω fields, where Eω and
E2ω are real. Therefore we show here the results for the in-
jection coefficients Λ1 and Λ2, while the results for Λi are
displayed for the special cases of parallel and perpendicular
polarizations.
The carrier density injection rate is given by
〈n˙〉 = ξ¯xx1 (2ω) E22ω + ξ¯xxxx2 (ω) E4ω. (20)
The injection rates of of spin and valley current vanish for
linear polarizations. The one- and two-photon injection rates
5of the currents vanish as well
〈
J˙1
〉
=
〈
J˙2
〉
= 0, which are
injected only through the interference process.
Parallel orientations
Only the interference processes depend on the relative ori-
entation of E (ω) = Eωeiθ1 eˆω and E (2ω) = E2ωeiθ2 eˆω. The
relative phase parameter is ∆θ = θ2 − 2θ1.
The charge current injection rate is given by〈
J˙c
〉
= 2eˆωiη¯xxxxi (ω) sin (∆θ) E
2
ωE2ω. (21)
The spin and valley currents vanish for linearly polarized
light.
The direction of the polarization vector provides control of
the angle of the injected current, while the relative phase pa-
rameter of the light beams can control only their magnitude
and orientation.
Perpendicular orientations
Here we have E (ω) = Eωeiθ1 eˆω and E (2ω) = E2ωeiθ2 eˆ2ω
with eˆ2ω = zˆ × eˆω. The relative phase parameter is again
∆θ = θ2 − 2θ1.
The charge current injection rate is given by〈
J˙ c
〉
= 2eˆ2ωiη¯
yxxy
i (ω) sin (∆θ) E
2
ωE2ω, (22)
and the rates for spin and valley currents are〈
J˙ s
〉
= 2eˆωµ˜
xxxy
i (ω) cos (∆θ) E
2
ωE2ω,〈
J˙ τ
〉
= 2eˆων˜
xxxy
i (ω) cos (∆θ) E
2
ωE2ω.
(23)
The charge current is injected along the direction of the sec-
ond harmonic field while the spin and valley currents are in-
jected along the direction of the fundamental field. The rel-
ative phase parameter ∆θ controls their magnitude, favoring
either charge or spin and valley currents.
B. Circular polarizations
For circular polarizations E (ω) = Eωeiθ1 pˆh1 and E (2ω) =
E2ωeiθ2 pˆh2 where h1, h2 = ±1 are the helicities of the
light fields propagating along the zˆ direction, and pˆ± =
(xˆ ± iyˆ) /√2, so pˆh · pˆh = 0 and pˆ+ · pˆ− = 1 as well as
pˆ− × pˆ+ = izˆ. The relative phase parameter is still ∆θ =
θ2 − 2θ1.
The injection rates for densities are given by
〈n˙〉 = ξ¯−+1 (2ω) E22ω + ξ¯−−++2 (ω) E4ω,〈
S˙ z
〉
= h2ζ˜−+1 (2ω) E
2
2ω + h1ζ˜
−−++
2 (ω) E
4
ω,
〈τ˙〉 = h2ϑ˜−+1 (2ω) E22ω + h1ϑ˜−−++2 (ω) E4ω.
(24)
The spin and valley density injection rates depend directly on
the Berry curvature, while the carrier density injection is in-
dependent of it. As expected, the orientation of the spin and
valley polarizations are set by the helicities of the incident
fields.
Equal helicities - The interference process depends on the
relative helicities of the two light fields. And there are con-
tributions to the currents only when the helicities are equal,
E (ω) = Eωeiθ1 pˆh and E (2ω) = E2ωeiθ2 pˆh.
The charge current injection rate is given by〈
J˙ c
〉
=
√
2 [xˆ sin (∆θ) + yˆ cos (∆θ)] iη¯+−−+i (ω) E
2
ωE2ω,
(25)
and the rates for spin and valley currents are〈
J˙ s
〉
=
√
2h [xˆ sin (∆θ) + yˆ cos (∆θ)] iµ˜+−−+i (ω) E
2
ωE2ω,〈
J˙ τ
〉
=
√
2h [xˆ sin (∆θ) + yˆ cos (∆θ)] iν˜+−−+i (ω) E
2
ωE2ω.
(26)
All the currents are now injected along the same direction,
which can be controlled by the relative phase between the
light fields. The orientation of the spin and valley currents are
set by the helicity of the incident fields. The spin and valley
density injection rates depend directly on the Berry curvature,
while the carrier density injection is independent of it.
Opposite helicities - When the light fields have different
helicities, the injection rates from interference vanish for all
the currents of interest.
V. DISCUSSION
The validity of our calculations for the optical injection
rates depends on the validity of the perturbative regime, which
requires that the fraction of the injected carrier population rel-
ative to the total number of states in the range of energies cov-
ered by the laser pulse be small23. The duration of the pulse T
sets the frequency broadening of the laser ∆ω = 2piT , which in
turn - via the dispersion relation- determines the area a of the
Brillouin zone that can be populated by carriers, a = 2pik∆k.
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FIG. 2. (Color online) Injection rates for (a) carrier, (b) spin, and (c) valley densities.
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FIG. 3. (Color online) Injection rates for current densities of (a) charge, (b) spin, and (c) valley.
The momentum width ∆k is set by the dispersion relation and
is proportional to ∆ω. The number of states available in this
area of the Brillouin zone is a/a1, where a1 =
(2pi)2
L2 is the
area occupied by one state. The maximum amplitudes of the
laser fields are restricted by the condition that the number of
injected carriers with additional energy 2~ω is at most 5% of
the total number of carrier states in the allowed energy range(
ξ¯−+1 (2ω) E
2
2ω + ξ¯
−−++
2 (ω) E
4
ω
)
T L2 < 0.05 a
a1
. (27)
We then estimate the amplitudes by imposing the additional
condition ξ¯−+1 (2ω) E
2
2ω = ξ¯
−−++
2 (ω) E
4
ω, which gives optimal
interference between the absorption processes14. For pulses
lasting 1ns with a frequency corresponding to ~ω = 0.9eV , the
field amplitudes found are Eω = 4.1·105 Vm for the fundamental
and E2ω = 100 Vm for the second harmonic, which correspond
to laser intensities of 22 kWcm2 and 1.3
mW
cm2 , respectively. We use
these values for all ~ω in Figs. 2 and 3. Although Eq. (27) is
only satisfied for ~ω = 0.9eV , it can be used to determine the
appropriate field amplitudes for other frequencies.
Although the detection of the spin or valley polarized cur-
rent is difficult, it can be done by pump-probe experiments24,25
with circularly polarized light. This allows for measuring the
separation between the two components of spin or valley after
the current is injected. Experiments using an analogous tech-
nique have already been performed for monolayer TMDs26,27.
Corrections to the injection rate coefficients due to the
electron-hole interaction lead to a shift δ in the phase parame-
ter ∆θ, which becomes ∆θ = θ2−2θ1 +δ. For semiconductors,
this shift is too small28. However, since calculations for ex-
citon binding energies29 indicate that monolayer TMDs have
a stronger electron-hole interaction, it is reasonable to expect
a considerable shift δ for them. This phase shift can be mea-
sured by simply varying the relative phases of the incident
fields, and measuring the phases that lead to the maximum
injection rates since they are proportional to either sin (∆θ) or
cos (∆θ). Hence the experiments we are suggesting here could
serve as a probe of the electron-hole interactions in these ma-
terials.
Finally, we emphasize the advantage of the all-optical
method in controlling the injected currents. The results of our
calculations show that it is possible to control the direction
and intensity of the injected currents by simply changing the
7relative phase of the fields, which can be achieved in a time
scale limited only by the duration of the pulses used. This
is perhaps more dramatic when the perpendicular linear po-
larizations are considered. In this case, the phase parameter
∆θ allows to select between charge currents or perpendicular
spin and valley currents. A similar effect usually occurs when
DC fields are used for photocurrent injection3, where a charge
current is converted into perpendicular spin and valley cur-
rents, due to the opposite Berry curvature in the two valleys.
But in that process it is not possible to control the currents,
or fast-switch between the two cases, in contrast to the all-
optical method considered in this paper. We therefore expect
that our results will be helpful for understanding the details
of these promising materials, and clarifying their potential to
implement ultra-fast optical switching.
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Appendix A: Optical injection coefficients for linear and
circular polarizations
The coefficients used for one- and two-photon absorption
processes, obtained from Eq. 10, are
ξ¯xx1,τs (ω) =
Θ(ω−2∆τs)e2
8~2ω
(
1 + 4∆
2
τs
ω2
)
,
ξ¯xxxx2,τs (ω) =
Θ(ω−∆τs)e4t2
4~4ω5
(
1 − ∆2τs
ω2
) (
1 + 3∆
2
τs
ω2
)
,
(A1)
and for linear polarization.
For circular polarization we have
ξ¯−+1,τs (ω) =
Θ(ω−2∆τs)e2
8~2ω
(
1 + 4∆
2
τs
ω2
)
,
ξ¯−−++2,τs (ω) =
Θ(ω−∆τs)e4t2
2~4ω5
(
1 − ∆2τs
ω2
) (
1 + ∆
2
τs
ω2
)
,
(A2)
and
ξ˜−+1,τs (ω) =
−iΘ(ω−2∆τs)e2
2~2ω
(
∆τs
ω
)
,
ξ˜−−++2,τs (ω) =
−iΘ(ω−∆τs)e4t2
~4ω5
(
1 − ∆2τs
ω2
)
∆τs
ω
.
(A3)
The interference coefficients for linear polarizations are
η¯xxxxi,τs (ω) =
iΘ(ω−∆τs)e4t2
8~3ω3
(
1 − ∆2τs
ω2
) (
1 + 3∆
2
τs
ω2
)
,
η¯
yxxy
i,τs (ω) =
−iΘ(ω−∆τs)e4t2
8~3ω3
(
1 − ∆2τs
ω2
)2 (A4)
and
η˜
xxxy
i,τs (ω) =
−iΘ(ω−∆τs)e4t2
2~3ω3
(
1 − ∆2τs
ω2
)
∆τs
ω
, (A5)
while for circular polarizations the coefficients are
η¯+−−+i,τs (ω) =
iΘ(ω−∆τs)e4t2
4~3ω3
(
1 − ∆2τs
ω2
) (
1 + ∆
2
τs
ω2
)
,
η˜+−−+i,τs (ω) =
Θ(ω−∆τs)e4t2
2~3ω3
(
1 − ∆2τs
ω2
)
∆τs
ω
.
(A6)
The other injection rate coefficients are obtained from the ones
above.
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